This paper consists of two parts. The first is theoretical and extends Elsasser's theory of stress propagation in the upper mantle to an asthenosphere with nonlinear rheology. Exact solutions of the nonlinear equations are found for two geologically important problems. The second part uses these theoretical results as the basis for a measurement of the rheology of the asthenosphere. The seaward migration pattern of aftershocks from the February 4, 1965, Rat Island earthquake is analyzed, and strong evidence for a nonoNewtonian stress-strain relation in the asthenosphere is presented. It is found that an individual large earthquake can influence the regional stress pattern only to a distance of about 300 km perpendicular to the line of rupture. Excellent agreement is found between the stress propagation coefficient calculated from the aftershock migration pattern and that calculated from laboratory measurements of high-temperature creep in olivine. We thus arrive at a picture of stress propagation in the upper mantle which is consistent both with theoretical expectation and with observational evidence.
INTRODUCTION
In 1967, Elsasser [1967] propounded a theory of stress propagation in an elastic lithosphere overlying a viscous asthenosphere. Elsasser showed that provided both the lithosphere and the asthenosphere are thin in comparison to the breadth of the stress distribution, the displacement of the lithosphere from an unstressed state is described by a diffusion-type equation. Recent work on the migration of earthquake epicenters [Ander- son, 1975 ] has used Elsasser's theory, and it seems likely that this)ype of theory is well adapted to the description of stresses in lithospheric plates.
Recent progress in understanding high-temperature creep of rock [Weertman and Weertman, 1975] If the rheology of the asthenosphere is nonlinear (n • 1), then the Elsasser theory must be modified. Such modification is the subject of the first part of this paper. The nonlinear equations of motion are derived in the first section. Subsequent sections show that exact solutions of these equations may be obtained in two cases of geologic interest. The first case is that of a sudden change in position of the edge oI a lithospheric plate, approximating conditions in the oceanic plate following a decoupling earthquake. The second case describes the displacements in a plate whose edge suddenly begins to move with constant velocity, approximating a change in forces acting on the edge of a lithospheric plate, or the average effect of a large number of decoupling earthquakes.
The pattern of displacement and stress propagation following a decoupling earthquake is found to be very sensitive to the rheology of the asthenosphere. Such sensitivity allows a direct measurement of the asthenosphere's rheology, one which is Copyright ¸ 1976 by the American Geophysical Union.
not very dependent upon model assumptions. Ideally, such a measurement requires geodetic information on the displacement of the oceanic plate following a large decoupling earthquake. Displacements should be measured at distances out to about 500 km from the edge of the plate and at time intervals of a few days to tens of years after the earthquake.
Such information is not available for any large earthquake and
is unlikely to be available in the near future. As a makeshift, we study the migration of aftershocks into the oceanic plate following a large decoupling earthquake (the February 4, 1965, Rat Island event). This approach involves the supposition that the aftershock pattern accurately delineates the pattern of stress in the lithosphere and that stress relief due to the aftershocks themselves does not significantly alter the regional pattern. Equation (5) can be rigorously applied to stress propagation in the upper mantle only when (a) displacements u• or uy are constant along a line which is much longer than relevant distances perpendicular to the line and (b) displace.wents do not change significantly over distances comparable to the thickness of the asthenosphere. Condition (a) is often satisfied for large decoupling earthquakes, where the initial motion may extend up to 1000 km along the plate margin. Condition (b) is less easily satisfied, as we are often interested in stress changes over distances of only a few hundred kilometers. We shall see, however, that the corrections to this approximation tend to decrease the apparent nonlinearity of the asthenosphere, so the neglect of such corrections only leads to an underestimate of n. Moreover, we will show in the appendix that these corrections are small even for an infinitely thick asthenosphere when n = 1.
It is possible to avoid one or both approximations by exact calculation of the motion of the full nonlinear systemß Such calculations probably cannot be done analytically, and twodimensional (or even three-dimensional) numerical models must be used. Rather than enter into the complexities of such calculations, we prefer to outline the behavior of the nonlinear system under the approximations (a) and (b), which are, after all, not so bad for many cases of interest. By this means we hope to arrive at a sound understanding of the behavior of stresses in a nonlinear asthenosphere. Corrections to the results presented here (which may be of great importance if an accurate determination of n is desired) will generally be small.
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for our argument. All that we require is that aftershocks occur frequently only when the stress exceeds some critical value. We The value of r//r/m•x is nearly 0.5 for all n (see Table 1 Table 1 . The general effect of larger n is to lengthen the interval of time between tm and to relative to tin. Thus for n = 3 it takes 38 times as long to retreat from xa to x = 0 as it originally took to move out to xa (compare this to 2.7 times longer for retreat than advance when n = 1). In applications to aftershock migration patterns it is this slow retreat which is observed, since the initial expansion to x,• occurs rapidly. We shall see that observed aftershock patterns retreat far more slowly than could be expected for a linear asthenosphere.
Supposing that xa and to are known (as they would be from a study of aftershock migration), the form of ax(x,t) = const curves is 
The values of the coefficients in these equations are given in Table 1 for various n. The most notable feature is that a//E -• 0.5(Uo/Xm), regardless of n. This result is easily understood on geometrical grounds. As a result, the maximum extension of the aftershock pattern away from the fault gives no information about the rheology of the asthenosphere, being mainly controlled by the value of a/and the initial displacement Uo. The initial displacement u0 cannot be calculated if only x,• and to are known. Both K and ax • are functions of Uo, so in order to estimate K and •,• we must make a reasonable guess about u0 (usually several meters). Again, geodetic information would determine u0 unambiguously.
Steady Displacement of the Plate Boundary
The preceding section has shown that if the asthenosphere is non-Newtonian, n > 1, the stress and displacement fields due to an earthquake at the plate edge are strongly restricted to that edge. This effect is apparent even for n = I (as noted by Bott and Dean [1973] ). The velocity at which a displacement contour recedes from the plate edge decreases as l/t •-•/•"•, falling away like 1/t for large n (as opposed to l/(t) •/: for n = l). The typical behavior is for a displacement contour to recede rapidly from the plate edge, then quickly slow down beyond some characteristic distance (which may be of the order of a few hundred kilometers from the plate edge). If the displacement contour takes 1 yr to recede 100 km from the plate edge, then it will take 10 •'• yr to recede 1000 km. When n = 3, this time will be l0 s yr.
This behavior leads to some puzzlement about how the motion in the interior of a plate can be affected by forces applied to its edges. Estimates by Elsasser [1967] show that there is no problem for n = l, but ifn = 3 (as suggested by the analysis later on in this paper), then the results of the previous section show that an earthquake at the plate edge cannot affect its interior unless the plate is only a few hundred kilometers in size.
The purpose of this section is to show that the net effect of a series of earthquakes, whose displacements one following the other can be considered to produce an average velocity of the plate edge, is to propagate the average motion rather rapidly into the plate's interior. This effect is due to the nonlinear superposition of stresses inherent in ( The detailed analysis of the stress and strain fields due to a sequence of discrete earthquakes at the plate edge is a formidable mathematical problem when n 9 1. Rather than attempt such a problem, we shall go to the extreme of assuming that earthquake events are so frequent that on the average the motion of the plate boundary can be represented as a steady displacement, u•,(0,t) = kt, where k is the average velocity of the plate boundary. The stress and displacement fields derived from this boundary condition will apply to the actual lithospheric plate only at some distance from its edge. Nearer to the edge than this distance the stress and displacement will be fluctuating, dominated by contributions from individual earthquakes. These earthquakes produce small, sudden displacements of the lithospheric plate. Such displacements involve stresses far higher than the average stresses in the lithosphere, and these stresses override the influence of the average stresses in (1). Thus for a short time following an earthquake, the stress and displacement fields expand as described in the previous section, widening in area as well as weakening as time goes on. Eventually, the stresses derived from the sudden displacement become comparable to the average stresses in the lithosphere (this sequence has been studied in detail by Bott and Dean [1973] for n = l). At this point the nonlinearity of (1) 
where Ckappa iS defined in Table 1 . In nature, Xlimit generally turns out to be less than 500 km.
As might be expected, when r is large, earthquakes are infrequent but involve large displacements. Hence their influence extends a greater distance into the plate than when earthquakes are frequent but involve small displacements.
In either case, the effects of individual earthquakes merge into the average stress field for x > Xlimit, and in this region the steady displacement approximation is valid. This approximation is thus correct for the interiors of lithospheric plates or for averages over long intervals of time.
The boundary conditions for a plate whose edge begins moving at time t = 0 with velocity k are 
Ux(X,O) = o ux(O,t) = kt (26) Steady motion, begun long ago, is a special case of this solution (the t -• eo limit). It is readily verified by substitution into (5) that ux(x,t) is of the form

Ux(X,t) = ktg(ck)
. 9 The function g(½) is a solution to the ordinary differential equation 
which is correct to within 10% for n > 2. Equation ( Equation (27) is identical in form to the n = 1 solution [Crank, 1956] X • X X -x
Ux(X, t) = kt 1 + • erfc 2(•t)•/• ' (•r•t)•/•e (31)
The complicated expression enclosed in brackets is a function only of x/t '/•', just as g is in (27). Thus aside from some details in the shape of the displacement front, the nonlinear solutions behave very much like the linear solution. We found in the previous section that a single sudden displacement at the edge of a plate generates a stress and displacement front which rapidly slows down as it moves into the plate. This effect becomes more marked as the nonlinearity increases. Thus an individual earthquake's influence dies out rather rapidly away from its epicentral region with a nonlinear asthenosphere. On the other hand, (27) shows that a steady motion of the plate boundary is rapidly propagated across the lithospheric plate. As n increases, the motion, of the plate becomes less subject to perturbations from individual earthquake events and more accurately reflects the average, longterm forces acting upon it.
PART II' DETERMINATION OF THE RHEOLOGY OF THE
ASTHENOSPHERE
Generalities
We have seen that the pattern of stress in the lithosphere after a large decoupling earthquake is strongly influenced by the rheology of the underlying asthenosphere. If we could observe the stress (or displacement) pattern, then we could evidently measure the rheology. Lacking any. direct way of determining lithospheric stresses, we are forced into the somewhat tricky business of using the occurrence of aftershocks to delineate the motion of the stress contours. We assume that aftershocks occur only when the regional stresses exceed some critical value axc (this assumption is not crucial; if aftershocks begin to occur over some range of stresses, rather than at a sharp threshold, the only effect is to smear out the aftershock Ou 02u n-1 02u boundary cond.
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• 1. It must be a large decoupling earthquake with many aftershocks (in order to get enough statistical data on the aftershock pattern).
2. The initial displacement must take place along a line exceeding 500 km in length (in order to satisfy the one-dimensional approximat!on of equation (4)).
3. The earthquake should be isolated, with no other major earthquakes occurring near it for several decades before or aft,½r the event studied (this allows time for shear stresses in the asthenosphere to reach low levels before the earthquake). Note that the position of the Aleutian trench has no apparent effect on the aftershock pattern, indicating that the aftershocks do not occur on the fault plane. This is confirmed by a study of the depths of the aftershocks. The expected pattern of aftershock migration into the plate, a halt, then a retreat back to the plate margin, is readily seen in Figure 6 . Since the edge of the Pacific plate was pulled outward in the main earthquake, we expect the stress field induced in the plate to be extensional. Focal mechanisms determined for aftershocks in the Pacific plate did, in fact, indicate normal faulting [Stauder, 1968] . The number of aftershocks as a function of distance from the initial rupture falls linearly to zero at some distance from the rupture (but note that the average magnitude of aftershocks in a given bin shows no decided trend as a function of distance). This suggests that the number of aftershocks (but not their average magnitude) is roughly proportional to the value of the regional stress Further than the bare fact of nonlinearity, however, we cannot yet go. All the curves for n _> 2 are consistent with the data within the rather large error bars. If n were much greater than 6, however, the retreat of the aftershock pattern would be far slower than that observed here. We thus assign n the value 4 q-2 as representing the most likely n consistent with this analysis. Table 2 shows this distance to be of the order of 300 km; whatever n we might choose.
We thus see that the effekts of individual earthquakes are sharply limited to the margins of the lithospheric plate. Further than about.300 km from the plate margin the motion is dominated by the long-term average effect of many earthquakes (this conclusion was also reached by Bott and Dean [1973] on the basis of their n = 1 model). Only a steady motion of the plate boundary can propagate stress and displacement fields rapidly into the plate interior. Equation (27), coupled with values of g in Table 2 , shows that a steady motion of the plate boundary of 6 cm/yr is propagated 5000 km into the interior of the plate in about 11Y yr, as opposed to 3 X 11Y yr for the influence of a single u0 = 10 m earthquake to propagate the same distance.
Note that the present work •on stress propagation does not allow a decison to be made about the driving mechanism of plate tectonics. The predicted aftershock migration patterns are the same, independent of whether plates are pushed, pulled, or carried along by currents in the asthenosphere. Such a decision could be made only if it were possible to observe the manner in which the stress patterns from an individual earthquake merge with the average stress field, 300 km or so from the edge of the plate. Such an observation would give us information on the sign of the average shear stress in the asthenosphere and thus differentiate between theories of plate pushing or pulling and plate carrying. U nfortunateiy,'this sort of observation seems so far beyond our present capability that it must remain a hypothetlcal possibility for some time to come.
We have arrived at a picture of stress propagation in the upper mantle which is consistent with both observation of aftershock migration patterns and laboratory measurements ,of high-temperature creep. We have found strong evidence that the rheology of the asthenosphere is nonlinear. Although much detailed work remains to be done, both on the observational side and in theoretical refinements, we believe that we have gained some insight into the nature of stress propagation in the upper mantle.
APPENDIX' STRESS PROPAGATION OVER ^ THICK
ASTHENOSPHERE
The propagation of stress and displacement fields in an elastic lithosphere overlying a thin non-Newtonian asthenosphere was discussed in the main body of the paper. In this appendix we shall investigate the extent to which the above results must be modified in the case of a thick asthenosphere.
The solution of the thick asthenosphere problem requires extensive numerical work except in the Newtonian, n = 1 case.
We shall thus coni:entrate on the n = 1 solution and show that eyen for an infinitely thick asthenosphere (i.e., a viscous half space) the resulting stress pattern differs from the thin asthenosphere solution by no more than a factor of 2. The stress propagation pattern is thus quite insensitive to the thickness of the asthenosphere for n = 1. It seems plausible that this insensitivity should hold for the n > I solutions as well, although this cannot be checked without detailed numerical computations. We shall see, in particular, that the corrections induced by a finite thickness asthenosphere are in the wrong direction to explain the observed aftershock patterns in terms of an n = I asthenosphere.
We begin the thick asthenosphere solution by considering the relation between horizontal velocity fix and shear stress axz at the top of a viscous slab with viscosity rt and thickness h•.
We first obtain the solution for a harmonic velocity field tix(k,hi,t) = tio(k,t) e tnx ( 
